The problem considered is a vertical electrically small wire antenna located underground, which transmits electromagnetic signals to the ground. Getting Green's function of the vertical dipole underground was the first step to calculate this issue. A quasistatic situation was considered to make an approximation on Sommerfeld integral for easy solution. The method of moments was used to solve the current distribution on the antenna surface at different frequencies, which laid a good foundation for obtaining the electric field of the antenna. Then the axial and radial components of the electric field with the radial distance on the ground were investigated, as well as the voltage received on the ground. Furthermore, the influence of the frequency and stratum parameters on current and electric field was studied to understand the variation clearly.
Introduction
Underground antenna has wide applications in many areas such as energy, geology, and military. One example is the application in measurement while drilling (MWD), an advanced technology in drilling engineering, in which the electromagnetic wave generated by an underground antenna makes a role of an information carrier from the underground to the ground. The problem of electromagnetic propagation through different media has been considered by many scholars beginning with Sommerfeld [1] . Sommerfeld treated a vertical dipole placed at the surface of ground and used the evaluation of Fourier-Bessel integrals to solve this problem. Moore and Blair [2] did an analysis on dipole radiation in a conducting half space and gave expressions of the fields in 1961. Bannister [3] [4] [5] did a series of studies about quasistatic fields of antennas at or above ground using image theory and made a conclusion of his achievements in 1979. Chang and Wait [6] made a research about extremely low frequency propagation along a horizontal wire located above or buried in the earth and derived explicit expressions for the propagation constant in 1974. King [7] did a study about a vertical dipole over an imperfectly conducting half space as early as 1990. In 1997, King et al. [8] studied a very low frequency antenna in the sea and gave the results of electromagnetic fields. In 2000 Tai and Collin [9] researched the radiation of a Hertzian dipole immersed in a dissipative medium. In 2004 Thottappillil et al. [10] gave the formulas of a semi-infinite antenna that was above a conducting plane. In 2010 Khalatpour et al. [11] presented a method for evaluation of impedance and current distribution of a vertical wire antenna above lossy ground; this work was completed by using the matrix pencil method. In 2010 Zou et al. [12] presented a fast algorithm for calculating the field excited by a vertical dipole over a lossy ground; the integrals in this work were decomposed into two parts, one could be calculated by a recursive analytical expression and the other can be calculated numerically. In 2011 M. P. Rančić and P. D. Rančić [13] proposed a new model to solve the current distribution and input impedance of a horizontal dipole antenna above a homogenous lossy half space; the method proved to be accurate and effective. In 2012 Poljak et al. [14] derived a time domain variant of the generalized telegrapher's equations for the field coupling to finite length wires above a lossy ground and gave some computational examples; this work was fully based on the problem of a thin wire antenna above a lossy medium. In 2014 Christakis et al. [15] solved the problem of radiation from a vertical short dipole antenna above lossy ground and used the stationary phase method to obtain the field formulation with closed form analytical solution in the high frequency regime. In 2014 Pan and Li [16] introduced the solution for extremely low frequency (ELF) or super low frequency (SLF) wave propagating in different regions. In relevant chapter of their book, the scholars studied a horizontal electric dipole located on the boundary between the sea and the ocean floor and make a further study of a horizontal electric dipole in the three-layered region or -layered region. In these studies, the formulas of the dipole and some computations are presented and discussed. However, the research on the field excited by an underground electrically small antenna is not common, and the theory of the underground antenna induction field is not mature. An electrically small antenna with ELF or SLF can be the best choice for underground electromagnetic communications generator. What is more, this kind of antenna can also play a good role in areas such as energy development, trenchless technology, mine communication, geophysical prospecting, and lateral wells butt and monitoring of underground targets.
In this paper, we proposed a model of a vertical electrically small antenna located underground with ELF or SLF. To get the expressions of the field generated by underground antenna, quasistatic approximation has been used for overcoming the calculation difficulties caused by Sommerfeld integral. Numerical results including the current distribution, electric field, and voltage received have been obtained by using the method of moments (MOM). Further study has been done to get the variation curves of the current and electric field with the frequency or stratum parameters.
Mathematical Procedure
For a homogenous medium, (1) which the magnetic vector potential A satisfied can be obtained from Maxwell's equations
where J is the current density of an impressed source, is the wave number given by 2 = − ( + ), , , and are, respectively, the permittivity, permeability, and conductivity of the medium, and is the angular frequency. In this equation and the following analysis, the time dependence e is assumed and suppressed. Solving this equation, the vector potential A can be determined by
where is Green's function. Consider the ground as a homogenous conducting medium; there is a time harmonic vertical dipole buried in the soil as presented in Figure 1 . The air occupies the upper half space characterized by the permittivity 0 and permeability 0 while the ground occupies the lower half space characterized by the permittivity 1 = 0 , permeability 0 , and conductivity 1 . Because of the image effect, the field excited by the vertical dipole is the superposition of primary field and reflected field of the source. And in this case, Green's function underground is expressed as where r is the field point, r is the source point, and r is the image source point, respectively. Assume the coordinate origin is at the surface of the air and ground and the coordinates of the vertical dipole are (0, 0, −ℎ) while the coordinates of its image are (0, 0, ℎ), where ℎ > 0. According to what we have known of Green's function of the vertical dipole in the free-space, the overground Green's function of the dipole can be expressed as the following expression (4a) while the underground Green's function is shown as (4b), according to the image theory [17] 
In expressions (4a) and (4b), and are undetermined coefficients that are determined by the boundary conditions, and 0 is the zero-order Bessel function of the first kind. Here some variables are given by
, where 0 and 1 are, respectively, the wave numbers of the air and the ground.
The normal components of the magnetic flux densities and the tangential components of the electric field intensities in two media are continuous at the interface. From the boundary conditions [2] , the relationship between 0 and 1 is obtained as the following equations:
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So far, we can write the expressions of 0 and 1 as (7a) and (7b)
The formulas of Green's function are obtained, but the equations can not be solved directly. The difficulties like oscillations will appear in solving this kind of equations because of the Sommerfeld integrals [18] . To avoid the trouble in computation, a quasistatic situation can be considered under the condition of ELF or SLF. In this case, Wait [19] has shown that 0
and this
approximation has verified available by many scholars, such as Cooray [20] . So we can get the following approximate expression:
Here use the approximation that Bannister and Dube [4] have verified as e 1 ( −ℎ) ≈ e 1 ( −ℎ) e ( −ℎ) , where the constants and get values variable for different cases. This approximation has a good match presented in the paper written by Gavriloska et al. [21] .
Thus 1 is further approximated to the following expression:
Use the Sommerfeld identity as follows [22] :
The expression of 1 is obtained as
So far we have got the formula of the underground vector potential as follows:
To solve the current distribution on the antenna surface is the key work of the whole subject. From Maxwell's equations, the relationship expression between the electric field E and the vector potential A is shown in
Assuming that there is only vertical current along the direction on the vertical wire antenna, thus we can make A = e . Taking the fact that the field point coordinates and the source point coordinates are, respectively, ( , , ) and ( , , ), the component of the electric field can be obtained. Consider the current is distributed on the antenna surface; the axial component of the electric field excited by current is E while the axial component of the electric field excited by other sources is E . Because the antenna surface is considered to be an ideal conductor, by using the boundary conditions of the ideal conductor, the following equation (15) should be satisfied:
When the antenna radius and the wavelength meet the condition ≪ , the assumption that current is uniformly distributed along the surface is established. Then the effect of the current along the antenna surface is equivalent to a line current along -axis. Combined with (14) , the following expression is obtained:
where = √ 2 + ( − ) 2 and = √ 2 + ( + ) 2 . The MOM [23] is used to solve the current distribution, and pulse base and point matching method are chosen in this section.
Already knowing the current distribution, the vector potential A concerned can be calculated by (13) . Then the axial and radial components of the electric field can be obtained from the following expressions which are derived from (14):
Finally, what we are concerned about is the voltage received by the wire antenna on the ground, and it can be obtained by the following formula about :
where is the voltage received on the ground and is the distance of the th point.
Numerical Results and Discussion

Field of the Antenna.
Consider a wire antenna in the ground, the top of which is 500 m away from the ground. Assume that the ground is a homogenous medium and the character is that = 0.075 S/m, = 20 0 = 1.7708 × 10 −10 F/m, and = 4 × 10 −7 H/m. The antenna length is = 6m, and antenna radius is = 0.05 m, with 1 V voltage source excitation added on the center. By the skin depth formula = √1/ , we can obtain the skin depth in this case. The distance between the source point and the field point determined by √ 2 + ( − ) 2 is far less than the skin depth, so we choose = 0 and = 1 to solve this current distribution problem. Because the current and field studied are all complex numbers, we take the modulus of the complex numbers as the values of the current and field in the following work.
The current distribution of the antenna is calculated by MOM; Figure 2 shows the current distribution of the wire antenna in the case of the frequency is 10 Hz. From Figure 2 we can see that the current distribution is approximate triangular distribution, well matching the current distribution of the electrically small antenna.
The following work is to calculate the electric field excited by the antenna. To solve this problem, the value and in (13) should be confirmed first. Because the ratio √ 2 + ( − ℎ) 2 / is between 1 and 10, we take the value = 0.96 and = 0.4.
The changes of the electric field magnitude with the radial distance are shown in Figure 3 . The curves of Figure 3(a) show the variation of the axial component of the electric field magnitude with the radial distance on the ground at 10 Hz and 50 Hz, respectively. From that we can see the field magnitude at 50 Hz is higher than that at 10 Hz and both the variation trends are the same with the radial distance. With the increasing radial distance, the magnitude gets smaller and smaller. Curves in Figure 3 (b) represent the variation of the radial component of the electric field magnitude with the radial distance on the ground at 10 Hz and 50 Hz, respectively. The trends of the field magnitude with the radial distance both at 10 Hz and 50 Hz are also the same, but the magnitude at 50 Hz is smaller than that at 10 Hz, opposite to the axial component of the electric field magnitude. The radial component of the electric field magnitude becomes larger with the increasing distance first and then becomes smaller after a maximum value. Compared with the radial component of the electric field magnitude, the axial component of the electric field magnitude is several orders smaller, so it only has a slight effect on the total electric field.
The phase of the electric field is shown in Figure 4 . The axial component of the electric field phase varies smoothly with the radial distance at different frequencies which is demonstrated in Figure 4(a) . The radial component of the electric field phase gradually decreases with the increasing radial distance except that a mutation point appeared near = 490 m at 50 Hz as shown in Figure 4 (b). Figure 5 shows the curves of the variation of the total electric field with the radial distance on the ground, which look almost the same as those in Figure 3(b) . If we make the original point as the relative voltage zero point, the voltage received in radial direction can be calculated. Figure 6 shows the voltage received value on the ground along the radial distance at 10 Hz and 50 Hz, in which the value gets larger when the distance is larger. The voltage received value by the antenna at 50 Hz is smaller than that at 10 Hz.
Influence of the Frequency and Stratum Parameters.
As a further study, the influence of the frequency and stratum parameters on current distribution of the antenna and the electric field generated by the antenna is discussed on the basis of the above study.
The frequency is an important parameter to study first, whose changes can change the value of the current and electric field. In the ELF and SLF band, the maximum value of the current on the antenna surface is chosen to identify the variation with the size of the frequency from 10 Hz to 100 Hz. Figure 7 shows the variation of the maximum current value with the frequency, from which we can see the variation of the current is tiny with a trend that the current value gets smaller with the increasing frequency. In order to know the electric field magnitude variation with the frequency, two points on the ground whose radial distance is 100 m and 200 m are chosen to calculate the concerned radial component of the electric field there. Figure 8 shows the influence of the frequency on the radial component of the electric field magnitude, which tells us that the radial component of the electric field magnitude is negatively correlated with the frequency. The parameters of the ground can influence the current and electric field as well, one of which is the stratum conductivity. Using the similar method to make the curve of the maximum current value on the antenna surface with the increasing conductivity as shown in Figure 9 , we get that the current value has a positive correlation with the conductivity. Curves of Figure 10 demonstrate the variation of the radial component of the electric field magnitude with the conductivity from 0.05 S/m to 0.1 S/m at the two points = 100 m and = 200 m, respectively, where is the radial distance. With the increasing conductivity, the radial component of the electric field magnitude we concerned about gets smaller at both points either. Another stratum parameter worth to study is the relative permittivity. Two graphs have made to show the relationship between the field and the relative permittivity. Curve in Figure 11 represents the variation of the maximum current value on antenna surface with the relative permittivity, and the current value gets larger with the increasing relative permittivity. However, the influence of the relative permittivity on current value is so tiny that the current value does not have an obvious change. Figure 12 represents the dependence of the radial component of the electric field magnitude with the relative permittivity at the point = 200 m. The magnitude of the radial component of the electric field is negatively correlated with the relative permittivity, and meanwhile the variation is too micro to recognize the difference of the value.
3.3. Verification. As verification, a simulation work has been done using the commercial software HFSS. The model used is the same as the above study with a 10 Hz frequency, and the ground characters are = 0.075 S/m, = 20 0 = 1.7708 × 10 −10 F/m, and = 4 × 10 −7 H/m. The current distribution on the antenna surface is presented in Figure 13 . Compared with the results obtained by the mathematical model in Figure 2 , the current value near the antenna center of the HFSS results is bigger while the value on both sides of the antenna by HFSS is smaller. Figure 14 shows the variation of the total electric field magnitude along the radial distance, and the maximum magnitude of the field exists at the point = 200 m. The electric field magnitude in this case is a little smaller than the results obtained by the numerical method when the radial distance is farther than 80 m, and the field magnitude is bigger than the corresponding one when the radial distance is smaller than 80 m. Figure 15 shows the variation of the total electric field phase versus the radial distance, which presents that the field phase by HFSS is a little bigger than the corresponding phase of the numerical results. These differences may be caused by the fact that the model size is too large so that the calculation results by HFSS are not Figure 14 : Curve of the total electric field magnitude with the radial distance by numerical results and HFSS. so accurate, and there are few approximations in the mathematical procedure. As a result, the numerical results are reliable through the verification of the HFSS case, even though there are few differences.
Numerical results HFSS
Conclusion
An effective model was established to solve the problem of signal transmission through the stratum. In this mathematical model, the expressions of the electric field excited by an underground antenna were derived, which were in forms can be easily solved. Numerical method was used here to obtain the current distribution and the electric field. In these numerical results, the variation of the axial and radial components of the electric field with the radial distance was investigated, and the voltage received on the ground was obtained. From the received voltage signal, we could get the information transferred from underground. The study of the field variation with the frequency and stratum parameters was done and made us know the characters of the antenna underground communications more clearly. Higher frequency will cause larger attenuation on the radial component of the electric field and the total electric field, so SLF and ELF can be the appropriate frequency to apply. The conductivity has a relatively large impact on current and electric field, and the radial component of the electric field magnitude concerned gets smaller when the conductivity gets larger. The relative permittivity only has a slight impact on current and electric field, and there is a negative correlation between the radial component of the electric field magnitude and the relative permittivity.
